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Abstract
We consider a new model of quantum walk on a one dimensional momentum space
that includes both discrete jumps and continuous drift. Its time evolution has two
stages; a Markov diffusion followed by localized dynamics. As in the well known
quantum kicked rotor, this model can be mapped into a localized one-dimensional
Anderson model. For exceptional (rational) values of its scale parameter, the system
exhibits resonant behavior and reduces to the usual discrete time quantum walk on
the line.
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1 Introduction
The quantum random walk on the line has been studied as a natural gener-
alization of the classical random walk in relation with quantum information
processing. Two cases have been considered: the quantum walk with continu-
ous time or with discrete time steps [1]. One of the most striking properties of
the quantum random walk on the line is its ability to spread over the line lin-
early in time, while its classical analog spreads out as the square root of time.
Experimental schemes to implement the quantum walk have been proposed
by a number of authors [2,3,4,5,6].
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Another subject that has drawn much attention in quantum information pro-
cessing is dynamical localization (DL) [7,8,9,10], due to its potential for process
control in a quantum computer. DL is a quantum interference effect which sup-
presses quantum diffusion. It is typical in one dimensional periodically driven
systems with chaotic classical counterparts, such as the quantum kicked rotor
model [11,12]. In recent works [13,14], quantum algorithms which simulate the
quantum kicked rotor faster than classical algorithms were presented and we
have proposed the use of these algorithms to describe the evolution of discrete
time quantum random walk [15].
In this work we consider, in section 2, a generalization of the quantum random
walk on a line, along a line similar to the stroboscopic discrete–time quantum
walk presented in [16,17], is considered. In section 3, we numerically character-
ize its dynamical properties focusing in its localized and resonant behaviors. In
section 4, we establish a connection with the one-dimensional Anderson model
from solid state physics and discuss similarities of the modified quantum walk
with the kicked rotor model. The last section contains our conclusions.
2 Modified quantum walk
The discrete–time quantum walk on the line describes a particle which is free
to move over a lattice of interconnected sites labeled by an index k. In the
classical random walk, a coin flip randomly selects the direction of the motion.
In the quantum walk, the direction of the motion is selected by introducing an
additional degree of freedom, which we call the chirality, which can take two
values: “left” or “right”, |L〉 or |R〉, respectively. At each time step, a rotation
(or, more generally, a unitary transformation) of the chirality takes place and
the particle moves according to its final chirality state. The global Hilbert
space of the system is the tensor product Hs ⊗Hc where Hs is associated to
the motion on the line and Hc is the chirality Hilbert space.
The conditional translation can be written as Sσz where S is the one-site
translation operator, S|k〉 = |k + 1〉, and σz the usual 2 × 2 Pauli matrix.
Then, this operator shifts the position on the lattice left or right, according
to the chirality component
Sσz |L, k〉 = |L, k + 1〉
Sσz |R, k〉 = |R, k − 1〉. (1)
In this work, the unitary operation on chirality is a Hadamard operation,
H = (σx + σz)/
√
2. Then, the Hadamard walk on the line evolves in a time
step τ with U = SσzH as
|Ψ(t+ τ)〉 = U |Ψ(t)〉. (2)
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The sites |k〉 are usually associated with position eigenstates, but they can
equally well be interpreted as momentum eigenstates, i.e. P |k〉 = ~k|k〉, lead-
ing to a quantum walk in momentum space. In fact, this is actually the case
in proposed implementations of the quantum walk using classical waves [5,6].
Interpreting the lattice sites as momentum eigenstates allows us to establish
a connection with the kicked rotator.
We modify the quantum walk described in eq. (2) by considering that between
two consecutive applications of U the random walker drifts with constant
momentum. This drift is represented by a site-dependent phase shift related
to the kinetic energy P 2/2m, so that the new evolution takes the form
|Ψ(t+ τ)〉 = e−i2piΩP 2/~2U |Ψ(t)〉, (3)
where Ω = ~τ
4pim
and m is the particle mass. The wave vector can be expressed
as a spinor
|Ψ(t)〉 =
∞∑
k=−∞

 ak(t)
bk(t)

 |k〉, (4)
with the upper (lower) associated to the left (right) chirality. The unitary
evolution implied by eq.(3) can be written as the map
ak(t+ τ) =
1√
2
[ak+1(t) + bk+1(t) ] e
−i2piΩk2
bk(t+ τ) =
1√
2
[ak−1(t) − bk−1(t)] e−i2piΩk2 . (5)
Note that for integer values of Ω the usual Hadamard walk is recovered.
The evolution of the momentum distribution, Fk(t) ≡ |ak(t)|2 + |bk(t)|2, is
obtained from eqs.(5) as in our previous work [15,18],
Fk(t + τ) =
1
2
[Fk+1(t) + Fk−1(t)] + βk+1(t)− βk−1(t), (6)
where βk(t) ≡ ℜ [ak(t)b∗k(t)], is an interference term with ℜ(z) indicating the
real part of z. If these terms are neglected in eq.(6), the resulting evolution
is markovian. In the continuum limit, taking τ = 1, the familiar diffusion
equation results
∂F
∂t
=
1
2
∂2F
∂p2
. (7)
The dynamics defined by eqs. (5) presents a very rich behavior, from quan-
tum diffusion to quantum localization. For special values of Ω a resonant
dynamics results, in which the variance of the distribution σ2 =
∑
k k
2Fk(t)−
[
∑
k k Fk(t)]
2, increases quadratically in time. In fact, as mentioned before,
for integer Ω the usual quantum walk, eq. (2) is obtained. As is typical of
3
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Fig. 1. Variance σ2 as a function of time for several irrational values of the parameter
Ω, namely 2piΩ = 0.1, 0.2, 0.3 (thin lines). The walker has been initialized at the
origin in the state, |Ψ(0)〉 = 1√
2
(1, i)|0〉. The dashed line represents the classical
linear diffusion. The approximately parabolic full line corresponds to the rational
case Ω = 1/9.
near-resonant systems, small variations in the parameter Ω may lead to very
different dynamics, as shown in Fig. 1.
3 Localization and Resonances
Two clear cut different behaviors are found depending on the rational or irra-
tional value of Ω. When Ω is irrational, an initial stage of quantum diffusion
with the diffusion coefficient expected from eq. (7) is followed, after a char-
acteristic time, by a localized dynamics in which the growth ceases due to
quantum interference (see Fig. 1). The exponential character of this localiza-
tion is apparent from Fig. 2, where the distribution Fk(t) is shown after 2000
time steps, when DL has already set in.
In Fig. 3 the loss of localization that takes place for rational values of Ω is
illustrated by considering a set of near-resonant parameter Ω = Ωr + δ with
Ωr rational and δ ≪ 1. For not too small values of δ (Ω approximately irra-
tional) the distribution is exponentially localized. As δ is gradually decreased
the exponential localization transforms into an almost uniform distribution.
To aid visualization we have plotted only the non-zero probabilities in the dis-
tributions since the map (5) implies that if a single site is initially occupied, at
any later time only odd or even sites are occupied with non-zero probabilities.
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Fig. 2. Momentum probability distribution Fk(t) at t = 2000, as a function of the
momentum index k for 2piΩ = 0.1, 0.7. The dashed line is the exponential fit for
2piΩ = 0.1 from where it is possible to obtain the localization length. The initial
condition is the same as in Fig. 1. Notice that the vertical scale is logarithmic.
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Fig. 3. Momentum probability distribution Fk(t) at t = 2000, in logarithmic scale,
as a function of the momentum index k for Ω = 111+δ , with δ = 10
−4, 10−5, 10−6and
10−9. The dashed line is the exponential fit for δ = 10−4. The initial condition is
the same as in Fig. 1.
When Ω is rational, the variance increases quadratically in time, as shown
in Figs. 1 and 4. In this case, the characteristic transition frequency between
momentum eigenstates is commensurable with the random walk’s frequency.
This is the condition for resonant behavior. To understand such a resonant
regime, it is possible to use the theoretical developments presented either in
our recent work [15] where we consider the principal resonances (Ω integer) of
the quantum random walk or, alternatively, in the detailed results obtained
for a related system, the kicked rotor, in the past [12]. If Ω is a non-integer
5
0 200 400 600 800 1000
Time
0
20000
40000
60000
80000
V
ar
ia
nc
e
1/5
V
ar
ia
nc
e
1/9
V
ar
ia
nc
e
1/7
V
ar
ia
nc
e
1/3
3/5
Fig. 4. Quadratic growth of the variance as a function of time for several rational
values of the parameter Ω = 1/3, 1/5, 3/5, 1/7, 1/9.
rational number Ω = p
q
, we are in the presence of secondary resonances. The
variance still displays a quadratic growth but it is slower than the growth
associated to the main resonances. This is due to the fact that while in the
main resonances all phases add constructively, in secondary resonances there
are (at most q) different phases that repeat themselves periodically in time.
These phases determine the time required for coherent behavior to influence
the dynamics.
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Fig. 5. In the upper frame, momentum probability distribution Fk as a function
of the momentum k for Ω = 111 . In the lower frame the same distribution for
Ω = 111 + 10
−4. In both frames the distribution is calculated for t=2000τ .
In Fig. 5 (a), the probability distribution after 2000 steps of the secondary
resonance Ω = 1
11
is shown. A constructive interference phenomenon can be
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clearly seen when the momenta are multiples of the denominator q = 11,
i.e. k = ...,−22,−11, 0, 11, 22, .... On the other hand, Fig. 5 (b) shows that
the distribution for Ω = 1
11
+ 10−4, after the same time number of steps, is
clearly localized. Thus there is a high sensitivity of this system to small varia-
tions of Ω near a rational value. Although Ω is strictly rational in both cases,
for the second, the time at which the system becomes sensitive to its rational
character is much greater than the time considered in the figure.
4 Connection with Anderson localization
As we have shown, the map (5) generates the same qualitative behavior as that
of the quantum kicked rotor. This last system has been extensively studied
because its evolution operator can be expressed analytically and its classi-
cal version (the standard or Chirikov map) is a cornerstone in the theory of
chaotic Hamiltonian systems [19]. In particular, the phenomena of DL was
first observed in numerical experiments [11] for the quantum kicked rotor.
In the last decade, direct observations of DL have been done using samples
of cold atoms interacting with far-detuned light [20]. When the light field is
switched on and off periodically, the resulting Hamiltonian is essentially that
of the quantum kicked rotor [21,22,23]. In a particularly interesting theoretical
development [24,25], the kicked rotor Hamiltonian has been mapped into an
Anderson model in a one-dimensional lattice [26,27]. This connected the dy-
namical exponential localization in momentum space to the spatially localized
wave functions of interest in solid state physics.
There is a strong similarity between the modified quantum walk and the kicked
rotor. The Floquet (i.e. one-step evolution) operator of the kicked rotor in-
volves a kick operator e−iK cos θ, with K determining the kick strength and θ
the angular position of the rotor, followed by a free evolution over a time step,
e−iP
2/2~. For the modified quantum walk, the kick operator is replaced by the
conditional translation and the Hadamard rotation U = SσzH .
Not surprisingly, the modified quantum walk on the line can also be mapped
into a localized one dimensional Anderson equation. Thus, this momentum
localization may also be thought of as a dynamical form of Anderson localiza-
tion. In order to show this, we relate the Floquet eigenstates of the modified
walk with the exponentially localized states of the Anderson model.
The characteristics of the modified quantum walk imply that the Hamilto-
nian of the system is periodic in time and Floquet theory [28,29] applies.
Consider a Floquet eigenstate |Ψw〉 of the one-step operator e−i2piΩP 2/~2 U , so
that e−i2piΩP
2/~2 U |Ψw〉 = e−iw|Ψw〉 and w is the associated quasienergy. Then
|Ψw〉 = e−iwt|Φw(t)〉 with |Φw(t+ τ)〉 = |Φw(t)〉. The time dependence of Flo-
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quet states is trivial and we shall suppress it from our notation. In the case of
Floquet eigenstates, the map (5) reduces to the set of equations
fkak = ak+1 + bk+1
fkbk = ak−1 − bk−1, (8)
where fk =
√
2ei(2piΩk
2−w). Note the dependence on the quasienergy w implicit
in (8). After decoupling these equations and performing the change of variable
(
αk
βk
)
= ikfk
(
ak
bk
)
, (9)
we obtain
gkαk = αk+1 + αk−1
g˜kβk = βk+1 + βk−1, (10)
where we have defined gk ≡ i(fk+1 − f ∗k ) and g˜k ≡ i(fk−1 − f ∗k ).
These equations strongly suggest a relation with Lloyd’s model [30], a tight
binding model of an electron on a one-dimensional disordered lattice. This
model is a special case of the one-dimensional Anderson model [27] in the
case of nearest neighbor interaction, which has been analytically solved [29].
The difference with our model is that gk and g˜k in eqs. (10) have a non-zero
imaginary part.
It is clear that the equations for both spinor components have same nature,
so we focus on the first and show that it can be transformed into an Anderson
equation
Tkαk +
∑
l 6=k
Wklαl = 0, (11)
where Tk is the kinetic energy at site k and Wkl is the hopping term. It is
well established [29] that if the Tk are pseudo-random functions of the site k
and the hopping term Wkm decays sufficiently fast with distance |k −m|, the
wavefunction is exponentially localized. We use eq. (10) recursively to express
it as an equation with real coefficients of the form (11) with
Tk = g
i
k [g
i
k−1 + g
i
k+1] + g
i
k+1g
i
k−1
[
(grk)
2 + (gik)
2
]
, (12)
grk and g
i
k are the real and imaginary parts of gk.
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The potential term Wkl is
Wkl =


gil−2 g
i
l−3 l = k + 2
−gil−2
[
grl g
i
l−1 + g
i
lg
r
l−1
]
l = k + 1
−gil+2
[
grl g
i
l+1 + g
i
lg
r
l+1
]
l = k − 1
gil+2 g
i
l+3 l = k − 2
0 other cases.
(13)
For irrational Ω, the kinetic term Tk has a pseudo-random behavior in k and
we find that its probability distribution is narrowly peaked as required for
localization. The hopping term now couples each component of the eigenstate
with its two closest neighbors. An equation similar to eq. (11) holds for the
other chirality component. We have shown, therefore, that the modified ran-
dom walk can be mapped into a localized one-dimensional Anderson model.
5 Conclusions
A modified version of the discrete time quantum walk on the line has been
considered. After an initial diffusive stage, dynamical localization takes place
for most values of the parameter Ω. However, for rational values of the pa-
rameter the dynamics of the system corresponds to a resonant behavior. In
particular the usual quantum walk is recovered when Ω is an integer. The
modified walk does not show a quadratic increase of its variance for all values
of the parameter; rather, this happens only for exceptional (rational) values,
for which the quantum spreading is faster than the classical diffusion spread.
The modified quantum walk has been mapped into a one-dimensional Ander-
son model, as was previously done in the case of the kicked rotor [24,25]. The
similarity between the modified quantum walk and the kicked rotor has thus
been established both numerically and analytically. Both models are charac-
terized by two parameters, a strength parameter and a scale parameter. In
the case of the modified quantum walk, the scale parameter is Ω = ~τ
4pim
.
The strength parameter can be associated to the parameter determining the
generalized rotation of chirality, as discussed in [15].
In the generic case, when Ω is irrational, a new kind of quantum random walk
on the line, with exponentially localized wave functions, is obtained. This
feature opens interesting possibilities for quantum information processing. In
particular the question arises, may DL be used for controlling the spread of a
wavefunction? Furthermore, since DL states are robust against moderate de-
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coherence [9,23], can they be used in preserving quantum information against
environment induced noise? It would be interesting to experimentally observe
the effects of resonances and DL when one of the existing experimental pro-
posals for the quantum walk [2,3] is realized. We note that these effects might
also be observed in the context of classical wave simulations for the quantum
walk [5,6].
We acknowledge support from PEDECIBA and PDT S/C/OP/29/84. R.D.
acknowledges partial financial support from the Brazilian National Research
Council (CNPq) and FAPERJ (Brazil). A.R. acknowledges useful comments
made by V. Micenmacher.
References
[1] J. Kempe, Contem. Phys., 44, 307 (2003); also in quant-ph/0303081
[2] W. Du¨r, R. Raussendorf, V.M. Kendon, H. J. Briegel, Phys. Rev. A 66, 052319,
(2002); also in quant-ph/0207137.
[3] B. Travaglione and G. Milburn, Phys. Rev. A 65, 032310, (2002).
[4] B. C. Sanders, S. D. Bartlett, B. Tregenna, and P. L. Knight, Phys. Rev. A 67,
042305 (2003).
[5] P.L.Knight, E.Rolda´n and J. E. Sipe, Phys. Rev. A 68, 020301, (2003).
[6] P.L. Knight, E. Rolda´n, and J.E. Sipe, Optics Comm.,227,147 (2003).
[7] L.F. Santos, M.I. Dykman, M. Shapiro and F.M. Izrailev in quant-ph/0405013
[8] G. Benenti, G. Casati, S. Montangero and D.L. Shepelyansky Phys. Rev. A 67,
052312, (2003); also in quant-ph/0210052.
[9] M. Terraneo and D.L. Shepelyansky, Phys. Rev. Lett. 92, 037902 (2004); also
in quant-ph/0309192.
[10] N. Inui, N. Konno, quant-ph/0403153.
[11] G. Casati, B.V. Chirikov, F.M. Izrailev and J. Ford, Lect. Notes Phys. 93, 334
(1979).
[12] F. M. Izrailev, Phys. Rep. 196, 299 (1990).
[13] B. Georgeot and D.L. Shepelyansky; Phys. Rev. Lett. 86, 2890 (2001)
[14] B. Le´vi, B. Georgeot and D.L. Shepelyansky in quant-ph/0210154.
[15] A. Romanelli, A.C. Sicardi-Schifino, R. Siri, G. Abal, A. Auyuanet, R.
Donangelo. Physica A, 338, 395 (2004); also in quant-ph/0310171.
[16] O. Buerschaper and K. Burnett in quant-ph/0406039
10
[17] A. Wo´jcik, T. Luczak, P. Kurzynski, A. Grudka, and M. Bednarska. Phys. Rev.
Lett. 93, 180601 (2004).
[18] A. Romanelli, A.C. Sicardi-Schifino, G. Abal, R. Siri, R. Donangelo. Phys. Lett.
A, 313, 325 (2003); also in quant-ph/0204135.
[19] E. Ott, Chaos in Dynamical Systems, Cambridge Univesity Press, Cambridge,
1993
[20] F.L. Moore, J.C. Robinson, C. Bharucha, P.E. Williams and M.G. Raizen, Phys.
Rev. Lett. 73, 2974 (1994) .
[21] J.C. Robinson, C. Bharucha, F.L. Moore, R. Jahnke, G.A.Georgakis, Q. Niu
and M.G. Raizen, Phys. Rev. Lett. 74, 3963 (1995).
[22] J.C. Robinson, C.F. Bharucha, K.L. Madison, F.L. Moore, Bala Sundaram,
S.R.Wilkinson and M.G. Raizen, Phys. Rev. Lett. 76, 3304 (1996).
[23] H. Ammann, R. Gray, I. Shvarchuck and N. Christensen, Phys. Rev. Lett. 80,
4111 (1998).
[24] D.R. Grempel, R.E. Prange, and S. Fishman. Phys. Rev. A 29, 1639, (1984).
[25] S. Fishman, D. R. Grempel, and R.E. Prange, Phys. Rev. Lett. 49, 509 (1982).
[26] P.W. Anderson, Phys. Rev. 124, 41 (1961).
[27] P.W. Anderson, Rev. Mod. Phys. 50, 191 (1978).
[28] F. Haake, Quantum Signatures of Chaos, Springer-Verlag, (1992).
[29] L.E. Reichl, The Transition to Chaos: In Conservative Classical Systems:
Quantum Manifestations, Springer-Verlag, New York, 1992.
[30] P. Lloyd J. Phys. C2, 1717 (1969).
11
